We propose an imperfect information model for the expectations of macroeconomic forecasters that explains differences in average disagreement levels across forecasters by means of cross sectional heterogeneity in the variance of private noise signals. We show that the forecaster-specific signal-to-noise ratios determine both the average individual disagreement level and an individuals' forecast performance: forecasters with very noisy signals deviate strongly from the average forecasts and report forecasts with low accuracy. We take the model to the data by empirically testing for this implied correlation. Evidence based on data from the Surveys of Professional Forecasters for the US and for the Euro Area supports the model for short-and medium-run forecasts but rejects it based on its implications for long-run forecasts.
Introduction
The dispersion of forecasts, of individual expectations, or of opinions in general has recently been in the focus of theoretical and empirical economics (Laster et al., 1999) , finance (Harris and Raviv, 1993) , and accounting (Barron et al., 1998) . In particular, there is widespread evidence that macroeconomic forecasts differ widely across professional forecasters (see, e. g., Mankiw et al., 2003; Dovern, 2015) . Analyzing disagreement in survey expectations may yield important insights about the expectation formation process. This, in turn, is important because expectations are key for understanding macroeconomic dynamics.
Different mechanisms have been proposed in the literature to explain disagreement across forecasters. These include the use of different forecasting models (Branch, 2004) , the existence of long-lasting beliefs due to historical experiences (Malmendier and Nagel, 2011) , "sticky" information structures where agents do update their information sets only infrequently (Mankiw and Reis, 2002) , or "imperfect" information structures where agents either receive (idiosyncratic) noisy signals about the state of the world or face limited cognitive capacities such that they are not able to process the full information available to them (Sims, 2003) . Kajal Lahiri has greatly contributed to this literature by suggesting models that incorporate several distinct explanations for disagreement across forecasters. 1 In Lahiri and Sheng (2008) and Lahiri and Sheng (2010a) , disagreement across forecasters arises due to differences in individual forecasters' prior beliefs, differences in processing new information, and differences in the relative importance that forecasters attach to their priors and the new information. This framework is especially useful to describe situations in which a sequence of forecasts (with shrinking forecast horizon) is made for one particular random variable, such as an annual growth rate. Such forecasts are commonly referred to as "fixed event" forecasts.
For forecasts of the "fixed horizon" type which we analyze below, models with imperfect information structure have emerged as the most promising approach for modelling disagreement across forecasters (Coibion and Gorodnichenko, 2012; Andrade and Le Bihan, 2013) . 2 Andrade et al. (2014) develop a non-stationary model with imperfect information that is able to account for the fact that forecasters disagree about the distant future. One attractive feature of this type of approach is that it can straightforwardly be introduced into structural dynamic stochastic general equilibrium (DSGE) models (see, e. g., Lorenzoni, 2009; Melosi, 2014; Nimark, 2014) .
Existing models with imperfect information assume that agents are symmetric, i. e., all agents face the same information structure-in particular, they face homogeneous signal-to-noise ratios.
Disagreement is generated only by the idiosyncratic flow of information. This implies that, on average, every agent deviates from the average forecast just about as far as any other agent.
However, using a large data set with professional forecasts for different macroeconomic variables, Dovern (2015) finds that there is substantial persistence in the degree to which individual forecasters deviate from the average forecast (consensus) and also differences in the average level of disagreement across forecasters. To account for this fact, he suggests to generalize imperfect information models to allow for heterogeneous signal-to-noise ratios. The central hypothesis is that forecasters who receive very noisy signals about the state of the world form, on average, forecasts which deviate more strongly from the cross-sectional average forecast than predictions by individuals who face a high signal-to-noise ratio.
In this paper, we formally introduce such a model, describe its properties, and empirically test whether the idea of heterogeneous signal-to-noise rates finds support in the data. To this 1 In general, Kajal Lahiri has paid much attention to the heterogeneity of forecasters in many of his papers (Davies and Lahiri, 1995; Lahiri and Liu, 2006; Lahiri and Sheng, 2010b; Lahiri et al., 2015) . 2 The alternative "sticky" information model of Mankiw and Reis (2002) has been empirically rejected as an appropriate model to describe the behavior of professional forecasters mainly due to the fact that the observed frequency of forecast updates is much higher than implied by this model (Dovern, 2013; Andrade and Le Bihan, 2013; Dovern et al., 2015) . end, we empirically test a direct implication of this type of model. This implication is the following: those forecasters with very noisy signals not only exhibit high levels of disagreement; the model also implies that they produce larger forecast errors than forecasters with high signalto-noise ratios. Thus, the imperfect information model with heterogeneous signal-to-noise ratios implies that the cross-sectional correlation between forecasters' performance and their average level of disagreement is positive. This is the hypothesis that we test below.
Our main findings are as follows. First, we show that an imperfect information model with heterogeneous signal-to-noise ratios can generate substantial differences in individual average levels of disagreement. Second, we show that such model implies a strong positive correlation between these levels of disagreement and the individual forecast performance. Finally, we show empirically that this correlation is also observed in the data for short-and medium-run forecasts while the two measures corresponding to long-run forecasts are not significantly correlated.
The remainder of this paper is structured as follows. In Section 2, we describe theoretical models with imperfect information structure that allows us to analyze disagreement and forecast performance of individual forecasters under homogeneous as well as heterogeneous signal-tonoise ratios. In Section 3, we briefly describe the data that we use for the empirical analysis. In Section 4, we present empirical evidence based on the Surveys of Professional Forecasters from the US and the Euro Area. Section 5 concludes.
A Stylized Model with Imperfect Information
To describe the predictions of models with imperfect information, we use a simplified version of the one described in Coibion and Gorodnichenko (2012) . We focus on a parsimonious data generating process (DGP) which can easily be extended to a model with richer time series dynamics. At first, we consider a model with homogeneous signal-to-noise ratios. In the next step, we allow for different signal-to-noise ratios across forecasters.
Homogeneous Signal-to-Noise Ratios
The fundamental (or true) DGP for the scalar random variable y t is represented by the autoregressive process
(2.1) where ε t ∼ N (0, σ 2 ε ). Due to information rigidities ("imperfect information"), each forecaster i = 1,. . . , N observes a noisy signal about the state of the world which is given by
where η i,t ∼ N (0, σ 2 η ) denotes the idiosyncratic noise shocks with E[η it η js ] = 0 for i = j or s = t. Furthermore, we assume that the noise shocks are independent of the fundamental shock ε t .
One can interpret the shock η i,t as representing differences in the information sets of forecasters.
An alternative interpretation is that this term represents differences in forecasters' capabilities to filter/interpret publicly available information (Lahiri and Sheng, 2008) . Note that in the case of homogeneous signal-to-noise ratios σ 2 η is equal for all forecasters. We denote by y i,t|s agent i's best estimate of y t in the MSE-sense, conditional on information available in period s. Given the model defined by (2.1) and (2.2), agents optimally employ the Kalman filter (Kalman, 1960) to recursively update their estimates about y t . Their predictions of the state variable y t , conditional on information in t−1 are denoted y i,t|t−1 and are recursively defined by
Since agents are symmetric, the state variances do not differ across forecasters once the effect of initial values is washed out. The steady-state value of P t+1|t = P t|t−1 =P is implicitly defined by the Riccati equation
which we obtain by using (2.5) and (2.6). In general, this forecast error variance is decreasing in the signal-to-noise ratio (σ 2 ε /σ 2 η ) and increasing in (the absolute value of) α. In what follows, we confine the index i to state forecasts y i,t|t which differ even in the steady state due to the idiosyncratic shocks η i,t .
To analyze the relation between a forecaster's performance and her average level of disagreement, we compare the mean squared forecast error (MSFE) to the average squared deviation of an individual forecast from the average forecast. Defining the one-step-ahead forecast error as
the expected MSFE in the model is given by the forecast error variance E[e 2 i,t+1|t ] =P for all i. Thus, obviously, the model predicts that forecasters have bad performance when the signal-tonoise ratio is low and when they have to forecast highly persistent processes.
To derive the model-implied unconditional disagreement, we start by formally defining individual disagreement in a particular period as
(2.9)
Next, we show how the unconditional expectation of disagreement is related to the forecast performance. Consider (2.3) and abbreviateΦ =P / P + σ 2 η , such that
Rearranging and using (2.2) results in
(2.10)
Employing the lag operator L that is defined such that L s y i,t+1|t = y i,t+1−s|t−s , solve (2.10) and
write
( 2.11) Combining (2.9) and (2.11) yields
where the last step follows since E[η it η js ] = 0 for i = j or s = t. ReplacingΦ and assuming
which is the same for all individuals in the homogeneous case. It can be shown that this expected level of disagreement is decreasing in the signal-to-noise ratio and increasing in α. Figure 1 visualizes this dependence. 3 Both effects are intuitive: if there is few information in the signals that forecasters receive, forecasts are far dispersed around the average forecast. Likewise, if forecasters have to deal with persistent processes, idiosyncratic noise has long-lasting effects on the forecasts and lead to a more dispersed forecast distribution. Note that in the extreme of a static DGP (α = 0), disagreement disappears.
Taken together, the model with homogeneous signal-to-noise ratios predicts a positive relation between performance and disagreement across forecasting environments which differ in terms of the fundamental DGP and the signal-to-noise ratio. For each set of parameters, however, it predicts that every forecaster has the same expected performance and the same expected level of disagreement. The latter prediction is at odds with the empirical evidence provided in Dovern (2015) and we now turn to a version of the model with heterogeneous signal-to-noise ratios. 
Heterogeneous Signal-to-Noise Ratios
We make only one change to the model given by (2.1) and (2.2): the variance of the noise shocks are forecaster-specific in the alternative model, and we denote them by σ 2 i,η . Thus, there might be forecasters that, on average, receive small noise shocks (relative to the variance of the fundamental shocks) and those that receive large noise shocks. Since there is no closed-form solution for the relation between σ 2 ε /σ 2 i,η and E[d i,t+1|t ], not the least because the expected degree of disagreement of each forecaster now depends on the signal-to-noise ratios of all forecasters, we use a simulation study to highlight the implications of the model. We are particularly interested in the correlation between E[e 2 i,t+1|t ] and E[d i,t+1|t ]. To obtain a continuum of forecasters with varying signal-to-noise ratios, we assume that each forecaster draws an individual noise variance factor, δ i , from a generalized beta distribution with mean 1 and variance σ 2 β , such that σ 2 i,η = δ i σ 2 η . 4 In practice, we use σ β = 1/3 which is obtained by using a beta(2,6) distribution scaled by the factor of (2 + 6)/2. 5
For α = 0.9, N = 40, σ 2 ε = 1, and σ 2 η = 1, Figure 2 shows how different individual signalto-noise ratios lead to different individual MSFEs and different individual levels of average disagreement. 6 The lower plot displays the relation between the individual signal-to-noise ratio, σ 2 i,η , and the average level of disagreement of each forecaster. The upper right plot displays the relation between σ 2 i,η and the forecasters' MSFEs. Finally, the upper left plot displays the implied relationship between disagreement and forecast performance. It is evident that the model predicts a linear relation between those two variables.
So far, we have concentrated on one-step-ahead forecasts. But, of course, in reality we also observe forecasts with larger forecast horizons. So, which predictions does our model make for these? The first thing to note is that the optimal h-step-ahead forecast for each forecaster is 4 By ensuring that the factors are equal to 1, on average, we can simulate cases which are comparable to the homogeneous case in the sense that the average signal-to-noise ratio is equal to that in the model with symmetric forecasters.
5 Note that the scaling ensures that the mean is equal to 1. Results are the same qualitatively for other parameterizations of the beta distribution or other distributional assumptions. 6 The simulation is based on T = 5, 000 to ensure a good approximation of the expected moments. given by y t+h|it = α h y t|it . If the DGP is stationary (|α| < 1), the MSFEs increase in h up to a limiting value. This value is dervied by noting that for any h, the general form of (2.7) with heterogeneous signal-to-noise ratios is given by
For long-run forecasts where h → ∞,
the unconditional variance of the DGP. Note that this limit does not depend on σ 2 i,η . Thus, the model predicts that disagreement disappears for increasing forecast horizons. This can also be seen by noting that the long-run forecasts converge to the unconditional mean of the true DGP which, in our example, is given by 0. Figure 3 shows the relation between forecast performance and average individual disagreement at different forecast horizons for two values of α. We observe three things. First, the positive relationship between the two is confirmed by our simulations. Second, disagreement (and obviously MSFEs) is higher for persistent fundamental DGPs.
Third, for increasing h all forecasters do indeed converge to the same performance level and disagreement converges to zero. Abstracting from the fact that all forecasters submit the same predictions if h → ∞, the slope of the "lines" in the performance-disagreement plane does not depend on the horizon, i. e., the correlation between individual performance and disagreement is the same for all horizons. Empirical results of (Andrade et al., 2014; Dovern, 2015) , however, suggest that long-run disagreement can be substantial and may even exceed short-run disagreement. Andrade et al. (2014) suggest to introduce a second informational rigidity into the model by assuming that there are two types of fundamental shocks-transitory shocks and permanent shocks (to the unconditional mean of y t ). To demonstrate what such an extension implies for the relation between individual disagreement and forecast performance, we replace (2.1) by
where ε and e µ t are independent of each other and we set µ 0 = 0 as a starting value without loss of generality. In this model, forecasters have to infer whether changes in y i,t are due to noise shocks, temporary fundamental shocks, or permanent fundamental shocks. Since they come up with different estimates for µ t and since their long-run forecasts will converge to these estimates, there is long-run disagreement in this model. How does this modification affect the cross-sectional correlation between individual disagreement and forecast performance? Figure 4 indicates how the latter changes relative to the stationary case. 7 Comparing Figure 4 to 3 shows that the strong positive relationship is preserved. Not surprisingly, forecast errors are higher, on average in the nonstationary case. Again, the slope of the horizon-specific "lines" in the performance-disagreement space does not differ across horizons.
Data
We primarily rely on data from the Survey of Professional Forecasters (SPF) for the US. In addition, we use long-run forecasts from the SPF for the Euro area (EA) to analyze the relation between individual disagreement and forecast performance for very large forecast horizons. Both Philadelphia in 1990. It covers a wide range of variables, but we concentrate on forecasts about the (annualized) growth rate of real gross domestic product (GDP) 8 , the inflation rate, and the three-month treasury bill rate. In this paper, we focus on fixed-horizon forecasts for one to five quarters ahead. The sample periods range from 1968q4 to 2015q3 for GDP and the unemployment rate and from 1981q3 to 2015q3 for inflation and the interest rate.
The European SPF is conducted by the European Central Bank. It covers forecasts for real GDP growth, the inflation rate, and the unemployment rate. We focus on the those forecasts with a horizon of five years. 9 The sample covers the forecast periods from 1999q1 to 2015q3. Table 1 displays some descriptive statistics for the different surveys, different variables, and different forecast horizons. The data from the US SPF offer a longer sample and a larger total number of forecasters in the cross-section compared to the EA SPF. The average number of forecasts in each survey (which determines how well disagreement measures can be estimated) is considerably larger in the EA SPF. Note that the pronounced differences in average disagreement and the average squared forecast error are due to the different nature of the forecasts: the data used from the US SPF refer to (annualized) quarter-on-quarter changes or quarterly averages, respectively, while the data from the EA SPF refer to annual averages.
8 Survey waves before 1992q1 refer to gross national product (GNP) rather than GDP. 9 Strictly speaking, the five-years-ahead forecasts are fixed-event forecasts made for the annual average of the forecast variables in a particular target year. This target year is changing in such a way that the forecast horizon varies between 21 and 18 quarters. Given the very long forecast horizon, it is unlikely that forecasts are affected by changes of the target year or small variations of the forecast horizon. 
Empirical Results
To see whether the positive correlation between individual disagreement and forecast performance, as implied by the imperfect information model with heterogeneous signal-to-noise ratios, is empirically supported or rejected, we start by looking at short-to medium-run forecasts from the US SPF. We only consider forecasters that submitted at least 4 forecasts. 10 For each of these forecasters (and separately for each of the variables and forecast horizons considered), we calculate the MSFE and the average level of disagreement, which we denote by E[d i,h ]. We then run regressions of the form 11
The results are given in 
Conclusion
In this paper, we show that a model with imperfect information structure and heterogeneous signal-to-noise ratios has a directly testable implication regarding the correlation between the individual average level of disagreement and the individual forecast performance. We confirm empirically and by means of simulation that forecasters with low signal-to-noise ratios deviate a lot from the consensus forecast and, at the same time, produce relative large forecast errors.
We conclude that imperfect information models with heterogeneous signal-to-noise ratios as proposed in Dovern (2015) are not rejected by the data based on the correlation between forecast performance and disagreement for short-to medium-run forecast. For very long-run forecasts, 10 Results are robust against selecting a higher required number of observations. 11 To limit the influence of outlier observations, we use the square root of M SF E i,h as the dependent variable in (4.1). The results based directly on M SF E i,h are qualitatively equivalent to those reported in the paper and are available from the authors upon request. Notes: Dependent variables are the RMSFEs of the forecasters. The constant is denoted β 0 , whereas β 1 refers to the correlation between the RMSFE and the disagreement of the forecasters. Notes: Dependent variables are the RMSFEs of the forecasters. The constant is denoted β 0 , whereas β 1 refers to the correlation between the RMSFE and the disagreement of the forecasters.
